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ABSTRACT 
In a recent paper Sidi considered the two-point Pad~ approximants o a function for which for- 
mal power series expansions at the origin and at infinity are given, and provided determinant 
representations for them. In comparing his approach with the quotient-difference algorithm, 
used by McCabe and Murphy on the same problem, certain properties o f  the coefficients gener- 
ated by the quotient-dif ference algorithm are overlooked. It is the purpose of  this short note to 
describe these properties. 
1. INTRODUCTION 
We consider the problem of finding continued frac- 
tion approximations to a function f(z) which has for- 
real power series expansions at z = 0 and z = ~.  
Suppose that, for [z[ small, 
f(z) = c o + ClZ + c2z2 + ...... c o 4:0 (1.1) 
while for [ z [ large and for some range of values of 
arg z, f(z) can be expanded, perhaps asymptotically, 
in the form 
f(z) b l+  b2 b3 -- - -+  - -  + .  b ~ 0.  (1.2) 
z z 2 z 3 ..... 
We wish to construct a continued fraction whose con- 
vergents are rational functions uch that, when they 
are expanded in powers of z and then in inverse powers 
of z, the expansions coindde with (1.1) and (1.2) for 
the maximum total number of terms possible. Neces- 
sary and sufficient conditions for the existence of such 
a continued fraction are given in [1]. Clearly, to have 
any agreement with (1.2), the degree of the numerator 
polynomial in the rational function must be one less 
than the degree of the denominator polynomial. The 
rational functions (when they exist) are two-point 
Padt approximants, analogous to the usual Pad~ ap- 
proximants derived from a single series expansion. 
For simplicity we first consider rational functions of 
the form 
a 0 + CtlZ + a2z2 + ... + anzn-1 q(z) n 1,2, 3 
1 +/~1 z + ~2 z2 + "'" +/~n zn (1.3) 
in which the a's and the/~'s are chosen so that 
fn(Z) = c o + ClZ + c2z2 + ... + Cn_lzn-1 + higher order 
terms, 
b I b 2 b 3 b 
__  + + +. . .+  n +higherpowersofl/z.  
z z z z n 
The functions fn(Z), n = 1, 2,3 ..... are the convergents 
of the continued fraction 
c o n2z n3z 
(1.4) 
l+d lZ+ l+d2z+ l+d3z+. . .  
for which the coefficients can be obtained from those 
of the series expansions by a variety of methods. One 
such method is the weft known quotient difference 
algorithm of Rutishanser. If the coefficients in (1.4) 
are viewed as each having a zero superscript then the 
quotient difference algorithm yields them from the 
'rhombus' rules 
n!r+) 1 + dl r) = n(r+l) + i  di(r + 1), (1.5) 
n (r) x = x di(r) , d(r +1) n(r+l)  i+1 i+1 i+1 
for i = O, 1, 2 .... and r = O, + 1, +2 ..... with the start- 
hag values n~ )- = 0 for all r and d~ r)- =-Cr/Cr_ 1, c0/b 1 
or -br/br + 1 according as r is less than zero, equal to 
zero, or greater than zero. The algorithm will of course 
fail if any of the series coeffidents are zero, but in 
certain special cases this can be overcome. 
In a recent paper in this journal Sidi [2] considered 
the above problem with a small modification, starting 
with the series expansions of f(z) - c0/2 instead of 
(1.1) and (1.2). The rational functions are then of 
course ratios of polynomials of the same degree. 
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Even though there is only a slight variation between 
the starting point of Sidi as compared with that of 
McCabe and Murphy, it enables Sidi to take a differ- 
ent approach which yields some interesting results. 
He provides determinant representations forthe ra- 
tional functions, some asymptotic error estimates, 
and recurrence r lations which contribute to the con- 
struction of the continued fraction (1.4). However, 
in comparing his own approach with that of McCabe 
and Murphy, Sidi is incorrect when he states that the 
quotient difference algorithm necessitates the com- 
putation of many quantities which bear no relevance 
to the required two-point Pad6 approximants, and 
also incorrect when he states that the algorithm 
provides only part of the approximants that derive 
from a given number of terms of the two series. It is 
the purpose of this short note to describe the signifi- 
cance of the coefficients generated by the quotient 
difference algorithm other than those in (1.4), and 
how they can be used to provide two-point Pad~ ap- 
proximants other than those given in (1.3). Details 
will be omitted since many appear in the earlier paper 
by McCabe [3]. 
2. THE QUOTIENT-DIFFERENCE COEFFICIENTS 
Let us display the coefficients generated by the rules 
(1.5) in the two dimensional rray 
0 
0 
0 
0 
0 
0 
0 
d~ -3) n~ -3) d(2-3)n(3-3)d(3-3) 
d~ -2) n(2-2)d (-2) n(3-2)d(3-2) 
q" q'> 
d~ 0) n~ 0) d~ 0) n~ 0) d~ 0) 
d~ 1) n (1) d(21) n(31)8(31) 
d~ 2) n~ 2) d~22) n~ 2) d~32) 
.g31 di3> 
The coefficients on the central row are those of (1.4). 
Those on the kth row below the centre are the coef- 
ficients of 
ckzk n~k)z n~k)z 
c0+ ClZ+ ...+ - -  
1+ dik)z  + 1+ d(2k)z + 1+ d~k)z + .... 
(2.1) 
while those on the kth row above the centre appear in 
z z z l+d~-k)z + 1+ d(2-k)z+ 1+ d(3-k)z +.." 
(2.2) 
The convergents of this family of continued fractions 
form a set of rational functions which includes the usual 
Pad~ approximants for each separate series. See [3] for 
details. The remaining rational functions are all two- 
point Pad~ approximants. More interesting than the 
sequences of these approximants which form the con- 
vergents of (2.1) and (2.2) are those of certain other 
continued fractions, described below, whose coeffi- 
cients appear in the above array. 
Suppose that we had N terms of (1.2) and N + 2m 
terms of (1.1) available, where N ~ 0 and m ~ 0. 
This would allow us to calculate, from (1.5), the coef- 
n~ r)" fo r2g igN+m,  ficients 
- (N+ 1 -i) ~ r g (N + 2m-i) and d. (r) for 1 g i g N+ m, 
1 
- (N- i )  g r g (N+ 2m-i). We could then construct 
the continued fraction 
c o n(20)z n(NO)z nN+ i z 
1 +di0)z + 1+ d~0)z +. . .  + 1+ d(N0)Z + 1 
n 1) + d (1) Xz n (1) z 
N+I N+I/  N+2 
+ 1 + 1 
n 2) d (2) 'z n (m-l) (n~m2m +d(m2m)Z N+2 + N+2 / N+m z 
+ 1 +. . .+  1 + 1 
(2.3) 
For 1 ~ k g N the kth convergent is a ratio of poly- 
nomiah of degree k - 1 and k respectively and agrees 
with k terms of (1.1) and k terms of (1.2) when ex- 
panded accordingly. For k = N+ 2i, i = 1,2 ..... m, the 
kth convergent is a ratio of polynomials of degrees 
N + i - 1 and N+ i respectively and agrees with N+ 2i 
terms of (1.1) and N terms of (1.2) when expanded in 
powers and inverse powers of z. The remaining con- 
vergents, that is when k = N+ 2i-1, i= 1,2 ..... m, 
are ratios of polynomials of degrees N + i -2  and 
N + i -  1 respectively but, while the expansion i  
powers of z coincides with (1.1) for N + 2i- 1 terms, 
the expansion i  inverse powers agrees with (1.2) for 
only N - 1 terms. That is, the term bN/zN is alternately 
dropped and then picked up again by the convergents 
of (2.3) after the Nth. Nevertheless, each convergent 
of (2.3) is a two-point Pad~ approximant for (1.1) 
and (1.2). In addition, further two-point Pad~ ap- 
proximants are given by the First N + 2m convergents 
of the continued fractions 
Journal of Computational and Applied Mathematics, volume 7, no. 2, 1981. 152 
CO n~ O)z n! 07z n(OTzr+l 
1 + d l ° / z  + 1+ d °Tz + ... + 1+ d(0)z or 1 
1 r 
(n(1)r+l + d(1)r+I/~z n~172z ~In(27r+2 d(27r+2/~z 
+ 1 + 1 + 1 + ...~ 
O<r<N.  
The correspondence properties of  these convergents 
are the same as those of  (2.37 but with N replaced by 
r. In the particular case when r is one, the even con- 
vergents are the standard Pad6 approximants for the 
series (1.17 and have no correspondence with (1.27 .
In total, there are M different wo point Pad6 ap- 
proximants obtainable where 
M= N + [2m+ (2m+27 + (2m+4) + ... + (N+2m-2)]  
if N + 2m is even and 
M= N+ [2m+ (2m+2)+ (2m+4)+ ... + (N+2m-3)]  
+ (N + 2m-  1)/2 
if N + 2m is odd. Thus, if N =7 and m=4 there are 44 
two-point Pad6 approximants available. 
Similar results hold if there were more terms of  (1.27 
than of  (1.1) available. See [3] for examples of  the 
above and also for details of  the interlocking of  the 
two-point Pad~ table with the separate one-point Pad~ 
tables for each series. 
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